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Abstract

A polynomial is unchanged by exchanging or interchanging the variables that occur in it, is
called symmetric. In this paper, using symmetric polynomial in roots of cubic equations, we find some
conditions on coefficients which two cubic equations have common roots. We obtain that the cubic
equation h and H have common roots if and only if -G*+eG? F-]“GF2+2fEGZ-e2 EG*+gF*+3gG*-
3gEFG+efEFG-3efG™efgEF+3efgG+2egE’ G-egEF’+egGF-f* GE*+2f* GF+fE’ F-2fgF*fgGE-g”
E*+3g” EF-3g° G+e’ G™e” fGF+e” gF*-2¢” gEG+ef” EG+eg’ E*-2eq’ F-f*+ f°gF- fg’E+g’=0

where h(x)=x’+ex’+ fx+g and. HX)=x+EX*+Fx+G
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Introduction

Consider a cubic equatio n

3 2
ax +bx +cx+d=0

where a, b, ¢ and d are coefficients and

a7o0.

We can change this equation to monic
polynomial equation, because we divide
our cubic equations by their leading
coefficients. We have

x3+ex2+fx+g=O

where o f and g are coefficients.

Let and

be roots of the cubic
F1, rs

equation. We have

xS +ex2 +X+g=(X-ry ) (X-rp)(X-r3)

By multiplying and grouping terms gives.
x3+ex2+fx+g=x3—(r1 +r2+r3)x2+

+(r1 r2+r2 r3+r1 FS)X‘H ol

By equating coefficients, we get that

ry+ro+ry=-e,
rrptror,+riry=f

and _
rqrorfz3=-g.

We are interesting in the fact that all these
polynomials are symmetric. A symmetric
polynomial is unchanged by exchanging or
interchanging the variables that occur in it

[1].

In 2003, George G. St. find some

condition on coefficients which two
quadratic equations have common roots by
using symmetric polynomials of roots see
[2]. He obtain that the quadratic equations f

and 9 have common roots if and only if

e’-deD+d°E-2eE+eD?

-dDE+E*=0

where and

f(x):x2+dx+e:O

g(x) =x"+Dx+E=0"

In this work, we use symmetric
polynomials of roots to find some conditions
on coefficients which two cubic equations

have common roots.
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Results

In this section, we present some condition
on coefficients which two cubic equations
have common roots. We begin with the

following theorem.
Main Theorem:

Let h and H be cubic equations,
write h(x) = Crex thtg and

H (x) :x3+Ex2+Fx+G where

. fg E F and (5 are coefficients. Then

h and H have common roots if and only if

G +eG FGF +2fEG”
°EG +gF° +3gG”-3gEFG
+efEFG-3efG”-efgEF

2 2
+3efgG+2egE” G-egEF
+egGF-f GE”+2f GF
2 2
+fgE F-2fgF -fgGE
g’ E*+3g°EF-3g°G+e’ G
e’ fGF+e gF -2¢” gEG

+ef EG+eg E -2eg F-F G

s

i NIANTIN NGRS AN ST L3
AU A o dl -
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+f29F—fg2E+93=O'

Proof: Assume that and _ are roots of
3

r, s

H We have

H (x) :><3+Ex2 +Fx+G
=(X-r1)(x-rp)(x-r3)

By calculating, we obtain

x3 + Ex2 +Fx+G

3 ( ) 2
=X - r1+r2+r3 X

r

+(r1 PREPIPE rs)X

-rqrors.

By equating coefficients, we have

I +r2+r3:'E,
I r2+r2r3+r1 f3=
and
I r2r3:'G.

We can be written in

coefficients of -

F°.2EG

F

terms of the

2.2 2 2, 2 2
=M Iy +rp 3 4y 13

F°+3G°-3EFG

3.3 3.3 3 3
=ryrp £rpr3 tryrg

—EF + 3G
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2 2 2
=My Tptrilp +1p I3
Fror 2 gt
ofy Ty 3trr,
2 .2
2GE -EF +GF
3 2 23 32
=l Iy +ry rp 1y 13

3

T AT TR
2 My ™M T3 7 T3
E"-2F

= le + T'22+7"32'
E°F-2F°-GE

3 3, 3
=ry Tptrylp +1p 13

3 3 3
+ r2r3 +r1 r3+r1r3 !

and
3
-E"+3EF-3G
= r13+r23+ r33' (*)

Suppose that f T or .

are common roots

. We have

h(r, )-h(rz) -h(rg):O'

Then ( . 3

ofh

+er12+f ry+Qg)

(1) +er,* + r,+Q)

(13 ety + r3+g)

=0

terms and

By multiplying, grouping

substituting with (*) becomes

-G +eG F-fGF +2fEG’
< EG +gF +3gG°-3gEFG
+efEFG-3efG -efgEF

2 2
+3efgG+2egE” G-egEF
+egGF-f GE”+2f GF

2 2
+fgE"F-2fgF -fgGE

g E>+3g°EF-3g°G+e’ G
-erGF+eng2—2e2gEG

+ef EG+eg E°-2eg F-F G

+fng—fg2E+g3:O (M

Hence, we obtain that the statement in this

theorem is true.

Example:

Consider the cubic equations

2x3—3x2—3x+2

=(2x-1)(x+1)(x-2)

and

3.2
X -3X -x+3

=(x-3)(x+1)(x-1)’
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We see that they share the root x = —1.
To test by use the Main Theorem, we divide

by the lead coefficients. We get

2x3—3x2—3x+220 to change

3
h(x): X —3x2—x+3'
Then E = —2 F:—§
2’ 2
=3, f=-12nd g = 3.

Substituting EFGe fand g into formula

, G=1,

()" We obtain

’J’]ﬁ‘ﬂ’Ti"JVﬁJ’]ﬁ'\@ﬂiLLV\lNV'\'}WE'\ﬁﬂT\‘HﬂQLW‘HTLIT

I8
oy T 16 il 1 ansem - AQUIEIU 2562

3y ()? ( i) (1)+(-3
2(3)(3)? ( i) )3
+()2(3) ( i) _1(9)?

3
()

2
=-1+9/2+9/4+3+27/2-81/8+9-81/4+27/4
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Thus, we have that two cubic polynomials

equations have a common root.

We see that we determine two cubic
polynomials have common root by use their
coefficients, without having to find the roots
of the polynomials. In other polynomials, we
generalize idea of symmetric polynomial of
roots to find condition on coefficients which

two polynomials have common roots.
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